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1 Introduction 



There has been considerable work aimed at formulating models of quantum field theory on 
non-commutative spaces. The motivation is to obtain new insights into the UV-divergences 
and the problem of renormalization. On some simple noncommutative spaces, it is now pos- 
sible to formulate quantum field theories. In some case, the UV divergences are completely 



regularized |16| [25|] , while in others they persist |13], ^] . Moreover, it was realized that such 
noncommutative spaces are in fact induced by certain sectors of string theory, particularly 
open strings ending on .D-branes with a background B field J7|. This is both a valuable 
source of physical insights, as well as a vindication of a more "puristic" approach of studying 
such spaces per se. In particular, spaces with quantum group symmetries have also been 
studied from a more formal approach. While quantum groups appear naturally in the con- 
text of 2-dimensional conformal field theories ||, a formulation of a quantum field theory 
based on such spaces has proved to be difficult. 

Recently, Alekseev, Recknagel and Schomerus |l| have found that spherical .D-branes in 
the SU(2) WZW model are seen by open strings ending on them (in an appropriate back- 
ground) as certain quasi-associative algebras, which are closely related to g-deformations of 
fuzzy spheres. Here q is related to the level k of the WZW model by the formula 

m 

9 = exp(^-^). (1.1) 

We shall take this as sufficient motivation to study in detail the g-deformed fuzzy spheres, 
and to formulate field theories on them. 

The algebra found in [|l|] is (weakly) non-associative, and covariant under SU(2). Using 
a so-called Drinfeld twist, it can be transformed into an associative algebra which we call 
Sg N . It is covariant under the "quantum group" U q (su(2)), which is the quantized universal 
enveloping algebra of Drinfeld and Jimbo || [RJ. Here N is an integer related to a particular 
boundary condition on the D-brane in SU (2) WZW model. 

After reviewing the undeformed fuzzy sphere, we define S q N in Section 2 for both q G R 
and |g| = 1. As an algebra, it is simply a finite-dimensional matrix algebra, equipped with 
additional structure such as an action of U q (su(2)), a covariant differential calculus, a star 
structure, and an integral. For q G R, this is precisely the "discrete" series of Podles spheres 
29fl . The case \q\ = 1, which is most relevant to string theory, has apparently not been 



studied in detail in the literature. In Section 3, we develop the non-commutative differential 
geometry on S qN , using an approach which is suitable for both g e R and \q\ = 1. The 
differential calculus turns out to be rather elaborate, but quite satisfactory. We are able 
to show, in particular, that in both cases there exists a 3-dimensional exterior differential 
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calculus with real structure and a Hodge star, and we develop a frame formalism JTJ], [TT], ^UJ . 
This allows us to write Lagrangians for field theories on S qN . In particular, the fact that the 
tangential space is 3-dimensional unlike in the classical case turns out to be very interesting 
physically, and is related to recent results @ on Chern-Simons actions on the D-branes. 

Using these tools, we study in Section 4 actions for scalar fields and abelian gauge fields 
on Sg N . The latter case is particularly interesting, since it turns out that certain actions 
for gauge theories arise in a very natural way in terms of polynomials of one-forms. In 
particular, the kinetic terms arise automatically due to the noncommutativity of the space. 
Moreover, because the calculus is 3-dimensional, the gauge field consists of a usual (abelian) 
gauge field plus a (pseudo) scalar in the classical limit. This is similar to a Kaluza-Klein 
reduction. One naturally obtains analogs of Yang-Mills and Chern-Simons actions, again 
because the calculus is 3-dimensional. In a certain limit where q — 1, such actions were 
shown to arise from open strings ending on D-branes in the SU(2) WZW model ||. The 
gauge theory actions for q ^ 1 suggest a new version of gauge invariance, where the gauge 
"group" is a quotient U q (su(2))/I, which can be identified with the space of functions on 



the deformed fuzzy sphere. This is discussed in Section [O 



Finally in Section 5, we give the precise relation of S% N to the quasi-associative algebra 
of functions on D-branes found in jL|, using a Drinfeld-twist. 

In this paper, we shall only consider the first-quantized situation; the second quanti- 



zation is postponed to a forthcoming paper [18]. The latter turns out to be necessary for 



implementing the symmetry U q (su(2)) on the space of fields in a fully satisfactory way. 



2 The q— deformed fuzzy sphere 



2.1 Review of the undeformed case 



We briefly recall the definition of the "standard" fuzzy sphere |2R Much information 
about the standard unit sphere S 2 in R 3 is encoded in the infinite dimensional algebra of 
polynomials generated by x = (x\, £2, X3) G R 3 with the defining relations 



\x j , Xj] , 



(2.1: 



i=i 
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The algebra of functions on the fuzzy sphere is defined as the finite algebra <Sjy generated by 
x = (xi,X2,x 3 ), with relations 

3 

[xi,Xj] = iX N e ijk x k , ^x 2 = r 2 . (2.2) 

i=i 

The real parameter A at > characterizes the non-commutativity. 

These relations are realized in a suitable finite-dimensional irreducible unitary repre- 
sentations of the SU(2) group. This is most conveniently done using the Wigner- Jordan 
realization of the generators Xi , i — 1, 2, 3, in terms of two pairs of annihilation and creation 
operators A a , A +a , a = ±|, which satisfy 

[A a , A p ] = [A +a , A +p ] = , [A a , A +p ] = Si , (2.3) 
and act on the Fock space T spanned by the vectors 

K,n 2 > = - ? 1==(A + ^{A + - 1 -Y^) . (2.4) 
Here |0) is the vacuum defined by Ai\0) = 0. The operators Xi take the form 

Xn A+ a' a/3 a /o r\ 

Xi = Za'aCTi Ap. (2.5) 

Here e aa > is the antisymmetric tensor (spinor metric), and are the Clebsch-Gordan coef- 
ficients, that is rescaled Pauli-matrices. The number operator is given by N = ^ a 
When restricted to the (N + l)-dimensional subspace 

F N = A +ai ... A +aN \0) (N creation operators)}. (2.6) 

it yields for any given N = 0, 1,2, ... the irreducible unitary representation in which the 
parameters A^ and r are related as 



Y/V + l). (2.7) 



Ajv y 2 y 2 

The algebra Sjj generated by the Xi is clearly the simple matrix algebra Mat(N + 1). Under 
the adjoint action of SU (2), it decomposes into the direct sum (1) © (3) © (5) © ... © (2N + 1) 
of irreducible representations of 50(3) [|T6|| . 
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2.2 The q— deformed fuzzy sphere 



The fuzzy sphere <S^ is invariant under the action of SO (3), or equivalently under the action 
of U(so(3)). We shall define finite algebras S% N generated by X{ for i = 1, 0, —1, which have 
completely analogous properties to those of Sfj, but which are covariant under the quantized 
universal enveloping algebra U q (su(2)). This will be done for both q G K and q a phase, 
including the appropriate reality structure. In the first case, the S qN will turn out to be 



the "discrete series" of Podles' quantum spheres ||29|| . Here we will study them more closely 
from the above point of view. However, we also allow q to be a root of unity, with certain 
restrictions. In a twisted form, this case does appear naturally on D-branes in the SU(2) 
WZW model, as was shown in M. 

In order to make the analogy to the undeformed case obvious, we shall perform a q- 
deformed Jordan- Wigner construction, which is covariant under U q (su(2)). To fix the nota- 
tion, we recall the basic relations of U q (su(2)) 

[^X*] = ±2X ± , 
[X\X~] = q ~^f^ = [H] q (2.8) 



where the g-numbers are defined as [n] q = q _ q _ x . The action of U q (su(2)) on a tensor 
product of representations is encoded in the coproductQ 



A(H) = H®1 + 1®H 
A(X ± ) = X ± ®q- H ' 2 + q H,2 ®X ± . (2.9) 

The antipode and the counit are given by 

S{H) = -H, S{X + ) = -q- 1 X + 1 S{X~) = -qX~, 

e(H) = e(X ± )=0. (2.10) 

The star structure is related to the Cartan-Weyl involution 9{X ± ) = X T , 6(H) = H, and 
will be discussed below. All symbols will now be understood to carry a label "g", which we 
shall omit. 

An algebra A is called an {7 g (su(2))-module algebra if there exists an action 

U q {su{2)) x A -»• A, 

(u,a) h-> u\> a (2-11) 



4 We use the opposite coproduct than in the standard conventions, but nevertheless the invariant tensors 
and R -matrices will be the standard ones. The reason for this is explained in Appendix A. 
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which satisfies u > (ab) = (uq) > a)(w(2) > b) f° r a,b E A. Here A(u) = W(i) ©W( 2 ) is the 
Sweedler notation for the coproduct. 

Consider g-deformed creation and anihilation operators A a ,A +a for a = ±|, which 
satisfy the relations (cp. p6f ) 

A +a A p = 6% + qR«]A 7 A +S 
(P-) a jA a A, = 
(p-) a ^ s A +5 A +1 = (2.12) 

where R^] = q(P + )Js ~ Q ^(-P - )/?! * s the decomposition of the R -matrix of U q {su{2)) into 
the projection operators on the symmetric and antisymmetric part. They can be written as 

\aP _ _J__ c a/3 c 



-[2], 

(P + TJ = ofa\ & (2.13) 



Here e a p is the g-deformed invariant antisymmetric tensor, and a l a/3 are the g-deformed 
Clebsch-Gordan coefficients; they are given explicitly in the Appendix. The factor — [2]" 1 
arises from the relation e al3 e aj 3 = — [2] q . The above relations are covariant under U q (su(2)), 
and define a left i7 9 (sw(2))-module algebra. We shall denote the action on the generators 
with lower indices by 

u>A a = Ap vrf (m), (2.14) 

so that TCp(uv) = tt^(u)tt1(v) for u,v G U q (su(2)). The generators with upper indices 
transform in the contragredient representation, which means that 

A\ := e a(3 A +l3 (2.15) 

transforms in the same way under U q (su(2)) as A a . 

We consider again the corresponding Fock space T generated by the A +a acting on the 
vacuum |0), and its sectors 

F N = A +ai ... A +aN \0) (N creation operators)}. (2.16) 

It is well-known that these subspaces Tn are iV + 1-dimensional, as they are when q = 1, 
and it follows that they form irreducible representations of U q (su(2)) (at root of unity, this 
will be true due to the restriction ( |2.36|) we shall impose). This will be indicated by writing 
Tjq = (N + 1), and the decomposition of T into irreducible representations is 

T = T Q © T x © JF 2 © ... = (1) © (2) © (3) © ... (2.17) 
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Now we define 

Zi = A +a 'e aa ,afA p (2.18) 

and 

N = A +a ' e aal e aP A p . (2.19) 

a 

After some calculations, these operators can be shown to satisfy the relations 

4z t Z 3 = A=( q -i[2} q - XN)Z k (2.20) 
V i \i 

Z 2 := u-Z.Z, = q' 2 ^j^N (2.21) 

Here A = (q — q' 1 ), g 13 is the g-deformed invariant tensor for spin 1 representations, and e l k 3 is 
the corresponding g-deformed Clebsch-Gordan coefficient; they are given in the Appendix. 
Moreover, one can verify that 

NA +a = q- 3 A +a + q- 2 A +a N, 
NA a = -q- 1 A a + q 2 A a N ) (2.22) 

which implies that 

[N,Z]=0. 

On the subspace Tn, the "number" operator N takes the value 

NT N = q- N - 2 [N] q F N (2.23) 
It is convenient to introduce also an undeformed number operator h which has eigenvalues 

hTx = NTn-, 

in particular nA a = A a (n — 1). 

On the subspaces J-'n, the relations fl2.20| ) become 

e%XiXj = A N x k , (2.24) 
x ■ x := g lJ XiXj = r 2 . (2.25) 

Here the variables have been rescaled to Xi with 

qh+2 

Xi — T — . = Z^. 

V [2] g CjV 
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The r is a real number, and we have defined 



r WUN + 2], 



[2] 
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A,v = r - [2] ^ +1 . (2.26) 

Using a completeness relation (see Appendix A), Q2.24|) can equivalently be written as 

(P-)%x iXj = -j- A N e n kl x n . (2.27) 

There is no i in the commutation relations, because we use a weight basis instead of Cartesian 
coordinates. One can check that these relations precisely reproduce the "discrete" series of 
Podles' quantum spheres (after another rescaling), see ||29|| , Proposition 4. II. Hence we define 



S 2 N to be the algebra generated by the variables Xi acting on JF^. Equipped with a suitable 
star structure and a differential structure, this will be the g-deformed fuzzy sphere. 

It is easy to see that the algebra S 2 N is simply the full matrix algebra Mat(N + 1), i.e. 
it is the same algebra as Sfj for q = 1. This is because Tn is an irreducible representation 
of U q (su(2)). To see it, we use complete reducibility of the space of polynomials in Xj of 



degree < k to conclude that it decomposes into the direct sum of irreducible representations 
(1) © (3) © (5) © ... © (2k + 1). Counting dimensions and noting that xf ^ G [2N + 1), it 
follows that o\im(S 2 qN ) = (N + l) 2 = dim Mat(N + 1), and hence 



Sq,N = (!) © (3) © (5) © ... © (2N + 1). (2.28) 

This is true even if q is a root of unity provided ( j2.36j ) below holds, a relation which will 
be necessary for other reasons as well. This is the decomposition of the functions on the q- 
deformed fuzzy sphere into g-spherical harmonics, and it is automatically truncated. Note 
however that not all information about a (quantum) space is encoded in its algebra of 
functions; in addition, one must specify for example a differential calculus and symmetries. 
For example, the action of U q (su{2)) on S 2 N is different from the action of U(su{2)) on S%. 

The covariance of S 2 N under U q (su{2)) can also be stated in terms of the quantum adjoint 
action. It is convenient to consider the cross-product algebra U q (su{2))\K S% N , which as a 
vector space is equal to U q (su{2)) ®S^ Nl equipped with an algebra structure defined by 

ux = (m(i) > x)u(2)- (2.29) 

Here the > denotes the action of u G U q (su{2)) on x G S 2 N . Conversely, the action of 
U q (su(2)) on S q N can be written as u>x = u^xSupy The relations ( |2.29| ) of U q (su(2)) x S q N 
are automatically realized on the representation Tn- 
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Since both algebras S^ N and U q (su(2)) act on F N and generate the full matrix algebra 

Mat(N + 1), it must be possible to express the generators of U q (su(2)) in terms of the Z%. 
The explicit relation can be obtained by comparing the relations ( |2.24j ) with ( |2.29|) . One 
finds 

X + q- H ' 2 = q N+3 Z u 
X~q- H / 2 = -q N+l Z-i 

- tt _ <H<? - <r') i , , 

" - ~m7 + Tpc Zo ' (2 ' 30) 

if acting on jF/y. In fact, this defines an algebra map 

j : tf ff («i(2)) - «S 3 2 jiV (2.31) 

which satisfies 

j( u (i))xj(Su (2) ) =u>x (2.32) 

for x G <Sg iA r and u G i7 9 (stt(2)). This is analogous to results in 0, |]. We shall often 
omit j from now on. In particular, S^ N is the quotient of the algebra U q (su(2)) by the 
relation ( |2.25| )p|. The relations ( p.32| ) and those of U q (su{2)) can be verified explicitly using 
( [2.20| ). Moreover, one can verify that it is represented correctly on Tn by observing that 
X + (Ay 2 ) N \0) = 0, which means that (At 2 ) N \0) is the highest -weight vector of J-'n- 



2.3 Reality structure for geR 

In order to define a real quantum space, we must also construct a star structure, which is 
an involutive anti-linear anti-algebra map. For real q, the algebra ( 2.12 ) is consistent with 
the following star structure 



(A*) 

(A +a ) 



A" 
A r . 



(2.33) 



This can be verified using the standard compatibility relations of the R -matrix with the 

(2.34) 



invariant tensor [14]] . On the generators Xj, it implies the relation 



X: 



3 more precisely, its finite-dimensional representation. 
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as well as the equality 



N* = N. 



The algebras S^ N are now precisely Podles' "discrete" C* algebras S^ c , N+1 y Using (|2.30| ), 
this is equivalent to 

H* = H, (X ± )* = X T , (2.35) 

which is the star-structure for the compact form U q (su(2)). It is well-known that there is a 
unique Hilbert space structure on the subspaces Tn such that they are unitary irreducible 
representations of U q (su{2)). Then the above star is simply the operator adjoint. 

2.4 Reality structure for q a phase 

When q is a phase, finding the correct star structure is not quite so easy. The difference with 
the case q e R is that A(w*) = (* (g> *)A'(u) for \q\ = 1 and u G U q (su(2)), where A' denotes 
the flipped coproduct. We shall define a star only on the algebra S qN generated by the x iy 
and not on the full algebra generated by A a and A+. 

There appears to be an obvious choice at first sight, namely x* = xt, which is indeed 



consistent with ( 2.24 ). However, it is the wrong choice for our purpose, because it induces 



the noncompact star structure U q (sl(2,M)) 

> 9)JV ao xunuwo. ± 11c aigc ui a u q 



Instead, we define a star-structure on S% N as follows. The algebra U q (su(2)) acts on the 



space S qN , which generically decomposes as (1) © (3) © ... © (2N + 1). This decomposition 
should be a direct sum of unitary representations of the compact form of U q (su(2)), which 
means that the star structure on U q (su(2)) should be ( |2.35|) , as it is for real q. There is a slight 



complication, because not all finite-dimensional irreducible representations are unitary if q 
is a phase |2(|. However, all representations with dimension < 2N + 1 are unitary provided 



q has the form 

q = e***, with tp < ^L. (2.36) 

This will be assumed from now on. 

As was pointed out before, we can consider the algebra S^ N as a quotient of U q (su(2)) 
via ( |2.30D . It acts on J 7 ^, which is an irreducible representation of U q (su(2)), and hence 
has a natural Hilbert space structure. We define the star on the operator algebra S^ N by 
the adjoint (that is by the matrix adjoint in an orthonormal basis), hence by the star ( [2.35 ) 
using the identification ( |2.30| ). 



There is a very convenient way to write down this star structure on the generators Xj, 
similar as in [J33| . It involves an element u of an extension of U q (su(2)) introduced by |?T 
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and [^], which implements the Weyl reflection on irreducible representations. The essential 
properties are 



A(u) = TZ^u^u, (2.37) 
juuj- 1 = eS^iu), (2.38) 
uj 2 = ve, (2.39) 



where v and e are central elements in G U q (su(2)) which take the values q~ N ( N+2 >/ 2 resp. 
(— 1)^ on jFjy. Here 1Z = TZ\®TZ2 G U q (su(2)) ®U q (su(2)) is the universal R element. In 
a suitable (weight) basis of a unitary representation of U q (su(2)), the matrix representing 
uj is given the invariant tensor, 7rJ-(a;) = —q~ N ( N+2 >/ 4: g 1 ^ and u;* = u; -1 . This is discussed 
in detail in [Q. From now on, we denote with uj the element in S 2 N which represents this 



element on F N . 

We claim that the star structure on S 2 N as explained above is given by the following 
formula: 

x* = -LUXiU' 1 = XjL~iq~ 2 g ki , (2.40) 

where 

L-\ = ^{KfyK? (2.41) 
as usual [fL4H ; a priori, G U q (su(2)), but it is understood here as an element of S 2 N via 



( p.30| ). One can easily verify using (e^)* = — (for |g| = 1) that ( |2.40|) is consistent with 



the relations (|2~24D and ( fL2l\ ). In the limit q -> 1, L - *- -> 5), therefore (^40|) agrees with 



( p.34| ) in the classical limit. Hence we define the g-deformed fuzzy sphere for q a phase to 
be the algebra S 2 N equipped with the star-structure Q2.40|) . 



To show that ( |2.40| ) is correct in the sense explained above, it is enough to verify that it 
induces the star structure ( |2.35|) on U g (su(2)), since both U q (su{2)) and S 2 N generate the 



same algebra Mat(N + 1). This can easily be seen using ( |2.38| ) and ( |2.30| ). A somewhat 
related conjugation has been proposed in [|33|, Q using the universal element 71. 



2.5 Invariant integral 

The integral on S 2 N is defined to be the unique functional on S 2 N which is invariant under 
the (quantum adjoint) action of U q (su{2)). It is given by the projection on the trivial sector 
in the decomposition (|2.28| ). We claim that it can be written explicitly using the quantum 
trace: 

J f(x t ) := 4vrr 2 p^-Tr 9 (/(x,)) = 47rr 2 ^-^-Tr(/(x J ) q~ H ) (2.42) 
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for f(xi) G Sg N , where the trace is taken on T N . Using S 2 {u) = q H uq H for u G U g (su(2)), 



it follows that 



fg= / s-\ g )f. 



>?2 

q,N 



<;2 

1,N 



This means that it is indeed invariant under the quantum adjoint action, 



u> f(Xi 



<?2 

9,N 



<? 2 



Uif(xi)S(u 2 ) 
S~\u 2 )uif(xi) = e(u) I f(xi), 



<;2 



<;2 

°q,N 



using the identification ( |2.30|) . The normalization constant is obtained from 

Tr,(l) = Ti(q- H ) = q N + q N ~ 2 + ... + q~ N = [N + l] q 
on Tn, so that J 1 = 4nr 2 . 



<? 2 



Lemma 2.1 Lei f e S 2 N . Then 



(/')'■/ 



r 



<;2 



<;2 

q,N 



for real q, and 



(/')'-/ 



2H 



<? 2 



<? 2 



(2.43) 



(2.44) 



(2.45) 



(2.46) 



/or g a phase, with the appropriate star structure ($.34j respectively jj^Jl ). In ( \2.4b\ ), we 
use WM) - 

Proof Assume first that q is real, and consider the functional 

I q , N (f) := Tr(f*q- H r 

for / G Sl N . Then 

W«>/) = Tr(( Ul fs(u 2 )y q - H y 

= Tr(S-\(u*)2)r(u*)i q~ H T = Hf* (u*)iS((u*) 2 )q- H y 

= e(u)I q>N (f), (2-47) 
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where (S(u))* = S' _1 (m*) and (*®*)A(w) = A(w*) was used. Hence I q ,N(f) is invariant as 
well, and ( |2.45| ) follows using uniqueness of the integral (up to normalization). For |g| = 1, 
we define 

I q>N (f) := Tr(f g")* 

with the star structure ( |2.40|) . Using (S(u))* = S(u*) and (*®*)A(u) = A'(u*), an anal- 
ogous calculation shows that I q ^ is invariant under the action of U q (su{2)), which again 
implies (fZi6| ). □ 



For \q\ = 1, the integral is neither real nor positive, hence it cannot be used for a GNS 
construction. Nevertheless, it is clearly the appropriate functional to define an action for field 
theory, since it is invariant under U q (su(2)). To find a way out, we introduce an auxiliary 
antilinear algebra-map on S 2 N by 

7=S-\n (2-48) 
where S is the antipode on U q (su(2)), using (|2.30| ). Note that S preserves the relation ( |2.25| ), 

q,N' 



hence it is well-defined on S? N . This is not a star structure, since 



/ = s- 2 f 



for \q\ = 1. Using ( |2.30D , one finds in particular 

xi=-g ij Xj. (2.49) 



This is clearly consistent with the relations (|2.24j ) and (|2.25|) . We claim that (|2.46|) can now 

be stated as 

(//)*= // for l?l = L ( 2 - 5 °) 

To see this, observe first that 

Tr(S(f)) = Tr(/), (2.51) 

which follows either from the fact that I q< N(f) '■= r ri(S~ 1 (f)q H ) = Tr(S' _1 (g _H /)) is yet 
another invariant functional, or using ufuo^ 1 = 6S~ 1 (f) together with the observation that 
the matrix representations of in a suitable basis are real. This implies 

Tr q (rq 2H ) = Tr(jV) = Tr^-^/*))) = Tr^^Cf)) = Tr ? (7), (2.52) 
and ( 2.5(J| ) follows. Now we can write down a positive inner product on S 2 N : 
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Lemma 2.2 The sesquilinear forms 

(f,g):= J f*g for qeR (2.53) 



<? 2 



and 

(/,<?):= / fg, for \q\ = l (2.54) 



are hermitian, that is (f,g)* = (g,f), and satisfy 



{f,u>g) = {u*>f,g) (2.55) 



for both q G M and \q\ = 1. T/iey are positive definite provided (\2. 36 ) holds for \q\ = 1, and 
define a Hilbert space structure on <S| N . 

Proof For g 6 1, we have 



(f,u>g) = I f*u ig Su 2 = J S- 1 (u 2 )f*u 1 g= J (5 r ((«*) 2 )7*((w*)i)*P 

((«VS(tOa)* £=(«•>/,$), ( 2 - 56 ) 



<?2 



and hermiticity is immediate. For \q\ = 1, consider 

(/,«><?)= / fu 1 gSu 2 = J S- 1 (u 2 )S- 1 (r)u 1 g= J S' 1 (( U *) 1 /5K) 2 )* p 

c2 c2 c;2 

= («*>/,</). (2.57) 
Hermiticity follows using ( p.50|) : 

(/,<?)* = fjg=f S-\f)g= [ gf = (g,f). 



Using the assumption ( |2.36| ) for \q\ — 1, it is not difficult to see that they are also positive- 
definite. □ 
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3 Differential Calculus 



In order to write Lagrangians, it is convenient to use the notion of an (exterior) differential 
calculus 



37, 



A covariant differential calculus over S 2 N is a graded bimodule J7* )iV 



©n n over Sq,N which is a {7 9 (stt(2))-module algebra, together with an exterior derivative 
d which satisfies d 2 = and the graded Leibnitz rule. We define the dimension of a calculus 



to be the rank of Q q N 



as a free right iS| jiV -module. 



3.1 First— order differential forms 



Differential calculi for the Podles sphere have been studied before [JoO], ffl. It turns out that 
2-dimensional calculi do not exist for the cases we are interested in; however there exists 
a unique 3-dimensional module of 1-forms. As opposed to the classical case, it contains 
an additional "radial" one-form. This will lead to an additional scalar field, which will be 
discussed later. 

By definition, it must be possible to write any term x^dxj in the form ^2k^ x kfk( x )- 
Unfortunately the structure of the module of 1-forms turn out to be not quadratic, rather 
the fk{x) are polynomials of order up to 3. In order to make it more easily tractable and to 
find suitable reality structures, we will construct this calculus using a different basis. First, 
we will define the bimodule of 1-forms f^ )JV over S 2 N which is covariant under U q (su(2)), 



such that {dxi}i is a free right <Sf ^-module basis, together with a map d 



°q,N 



Ql 
q,N 



which satisfies the Leibnitz rule. Higher-order differential forms will be discussed below. 
Consider a basis of one-forms & for z = — 1,0,1 with the covariant commutation relations^ 



RfjikXl, 



(3.1) 



using the (3) ©(3) i?-matrix of U q (su(2)). It has the projector decomposition 
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-)0\kl 



(3.2) 



0\kl 
)ij 



1 „kl 



where (P 1 

with (|2.25|) and ( 2.24 ), using the braiding relations [31 



g kl gij, and (P )fj = J2 n £ n £ ij- The relations (|3.1j) are consistent 



fjkl prs p ju p kr pis 

fjkl prs ju 



kr cs 



(3.3) 
(3.4) 



3 they are not equivalent to u£i = un) >£itt(2)- 
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and the quantum Yang-Baxter equation -R12-R23-R12 — -R23-R12-R23, m shorthand-notation 
nj. We define fig jAr to be the free right module over S 2 N generated by the It is clearly 



a bimodule over S 2 N . To define the exterior derivative, consider 

B: x&g*, (3.5) 

which is a singlet under U q (su(2)). It turns out (see Appendix B) that [0, 7^ G ^jv- 
Hence 

df:=[QJ(x)] (3.6) 

defines a nontrivial derivation d : <S 2 jy — > ftl N , which completes the definition of the calculus 
up to first order. In particular, it is shown in Appendix B that 

d Xi = -k N sfx n £ k + (q- q-^qXiQ - r 2 q~%). (3.7) 

Since all terms are linearly independent, this is a 3-dimensional first-order differential cal- 
culus, and by the uniqueness it agrees with the 3-dimensional calculus in |30, |J. In view of 
( p.7|) , it is not surprising that the commutation relations between the generators Xi and dxi 
are very complicated ||; will not write them down here. The meaning of the £-forms will 
become more clear in Section |3.4| . 

Using ( |7.5| ) and the relation £ • x = q 4 x ■ £, one finds that 

x-dx= {-A% + ([2],2 -2)r 2 ) 0. 
On the other hand, this must be equal to XiQxjg^ — r 2 0, which implies that 

XiQxjQ 1 ^ = ar 2 Q 

with 

a=[2] fl8 -l-^ = l- (3.8) 
r oat 

Combining this, it follows that 

dx ■ x = r 2 — — 6 = —x • dx. (3.9) 

Moreover, using the identity ( [7.71 ) one finds 

e^Xjdx k = (a — q 2 )r 2 e( Xj£k — A^r 2 ^ + g 2 A A rx i 6, (3.10) 
which together with (|3.7|) yields 



t Q 2 q 2 CN^N jk , 2m 2\Cn , /qii\ 

& = — H - e\ xjdxk -q (1 - q )—dxi. (3.11) 
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3.2 Higher— order differential forms 



Podles has constructed an extension of the above 3-dimensional calculus including 



higher-order forms for a large class of quantum spheres. This class does not include ours, 
however, hence we will give a different construction based on ^-variables, which will be 
suitable for q a phase as well. 

Consider the algebra 

= -q 2 R%Zi (3.12) 

which is equivalent to (-P + )^CiO = 0> (P°)ki^j = where P + and P° are the projectors on 
the symmetric components of (3) (g)(3) as above; hence the product is totally (q-) antisym- 
metric. It is not hard to see (and well-known) that the dimension of the space of polynomials 
of order n in the £ is (3, 3, 1) for n = (1, 2, 3), and zero for n > 3, as classically. We define 
f^jy to be the free right <S 2 ^-module with the polynomials of order n in £ as basis; this 
is covariant under U q (su(2)). Then fi™^ is in fact a (covariant) ^-bimodule, since the 
commutation relations ( |3.1| ) between x and £ are consistent with ( |3.12| ), which follows from 
the quantum Yang-Baxter equation. There remains to construct the exterior derivative. To 
find it, we first note that (perhaps surprising l y ) 9 V 0, rather 



e 2 = (3.13) 



The e^ k is defined in ( \l.8\ ). By a straightforward but lengthy calculation which is sketched 
in Appendix B, one can show that 

dxid Xj g ij + -^0 2 = 0. (3.14) 

We will show below that an extension of the calculus to higher-order forms exists; then this 
can be rewritten as 

d6-e 2 = 0. (3.15) 

The fact that B 2 ^ makes the construction of the extension more complicated, since 
now cr n ) — > [0, a^]± does not define an exterior derivative. To remedy this, the following 
observation is useful: the map 



(3-16) 



" [2],- ^' ^ 
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defines a left-and right S^-module map; in other words, the commutation relations between 
£i and Xj are the same as between and Xj. This follows from the braiding relation 

( p.3| ). This is in fact the natural analogue of the Hodge-star on 1-forms in our context, and 
will be discussed further below. Here we note the important identity 

<x{*hP) = {*na)f3 (3.17) 

for any G Q^ N , which is proved in Appendix B. Now (|3.13|) can be stated as 

* H (6) = 6 2 , (3.18) 

and applying *h to df = [9, f(Y)} one obtains 

[Q 2 J(x)] = * H df(x). (3.19) 

Now we define the map 

a i-> [G,a] + -* H (a). (3.20) 

It is easy to see that this defines a graded derivation from til N to ^l^ N , and the previous 
equation implies immediately that 

(dod)f = 0. 

In particular, 

= (1 - Q 2 )& + ^Q^4%Ck. (3.21) 
To complete the differential calculus, we extend it to N by 

A ■ o 2 O 3 

a (2) i-> [0,a (2) ]. (3.22) 

As is shown in Appendix B, this satisfies indeed 

(d o d)a = for any a £ 

It is easy to see that the map ( |3.22|) is non-trivial. Moreover there is precisely one monomial 
of order 3 in the £ variables, given by 

© 3 = - q j^fe-%^ k , (3.23) 
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which commutes with all functions on the sphere, 

[9 3 , /] = (3.24) 
for all / G Sg N . Finally, we complete the definition of the Hodge star operator by 

*h (1) = O 3 , (3.25) 

and by requiring that (*h) 2 = id. 
3.3 Star structure 

A * -calculus (or a real form of Q* >N ) is a differential calculus which is a graded *-algebra 
such that the star preserves the grade, and satisfies 



(a {n) a {m) )* = (-l) nm (a (m) )*(a (n) )*, 

(da {n) Y = d{a {n) )* (3.26) 

for G N ; moreover, the action of U q (su(2)) must be compatible with the star on 
U q (su{2)). Again, we have to distinguish the cases gel and \q\ = 1. 

1) q G M. In this case, the star structure must satisfy 

(dxi)* = g ij d Xj , x* = g ij xj, (3.27) 

which by ( |2.25| ) implies 

e* = -e. (3.28) 

Using (|3.11| ), it follows that 



= .</% " q 2 (q ~ q- 1 ) 1 ^^^ (A N efx k ^ - (q - q-^qxjB - q^Q) . (3.29) 
To show that this is indeed compatible with ( |3.1| ), one needs the following identity 



q\q - q- l ) [ ^^{dx iXj - R%x k dx{) = (1 - (£ 2 )g)ta (3.30) 

which can be verified with some effort, see Appendix B. In particular, this shows that if one 
imposed x£j = {R~ l )f^kXi instead of ( ^TTl) , one would obtain an equivalent calculus. This 
is unlike in the flat case, where one has two inequivalent calculi |15], Moreover, one can 
show that this real form is consistent with Q3.12 ). 
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2) \q\ = 1. In view of ( |2.4(J| ), it is easy to see that the star structure in this case is 

(&)* = <T 4 ^&^~\ A = -uXiU' 1 . (3.31) 



Recall that uo is a particular unitary element of N introduced in Section [2T4 . 



It is obvious using (-Rf 7 -)* = (R )jl that this is an involution which is consistent with 



( |3.1| ), and one can verify that 
This also implies 
hence 



0* = -0. (3.32) 



(dxt)* = —ujdxiUJ 1 . (3.33) 
Finally, *h is also compatible with the star structure: 

(* H (a))* = * H (a*) (3.34) 

where a G Q^ N , for both q G R and |g| = 1. This is easy to see for a = £j in the latter case, 
and for a = dxi in the case q G R. This implies that indeed (da^)* = d(a^ n ')* for all n. 
We summarize the above results: 



Theorem 3.1 The definitions §3~W\ ), fi3~J% ) defi ne a covariant differential calculus on VL* N — 
®n =0 fi^ N over N with dim{VL™ N ) = (1, 3, 3, 1) for n = (0, 1, 2, 3). Moreover, this is a *- 



calculus with the star structures t \3.2T\ ) and (\3. 31\ ) for q G R and \q\ = 1, respectively. 



3.4 Frame formalism 



On many noncommutative spaces |5], |26| , it is possible to find a particularly convenient set 
of one-forms (a "frame") 9 a G fl 1 , which commute with all elements in the function space 
Q°. Such a frame exists here as well, and in terms of the variables, it takes a similar form 
to that of ||. Consider the elements 

6 a = A N S(L + ;) tf% GfiJ jJV , (3.35) 
Aa = ^^L + l ESl N . (3.36) 



where as usual 



L + ) = IZrfiKz), (3.37) 
S(L + )) = K^-kUK^ 1 ) (3.38) 
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are elements of U q (su(2)), which we consider here as elements in S qN via 
following holds: 



Lemma 3.2 



[0 a , f] 
df 

6 = x&gf* 



[X a ,f]9 a , 

x a e a . 



Then the 



(3.39) 
(3.40) 
(3.41) 



for any f E S 2 N . In this sense, the X a are dual to the frame 9 b . They satisfy the relations 



X a \bg 



ba 



q A A 



N 



c 
anb 



e a e 
de a 

* H o a 

e a e b e c 



2 

- q 2 R b c a d e d e 



(3.42) 



\ b [0 a ,9 b [ 
1 



+ 



< c c B b 



el9 c 9 b 



i2 ? c cba£\3 



(3.43) 



In particular in the limit q — 1, this becomes X a = x a , and dx a = —e c ab x c 9 b , using 
Proof Using 



S(L + ))x k = xi(R 



-l\ln 



(which follows from ( p9|) ) and A(S(L+))) = S(L+") ® S(L +i n ), it is easy to check that 
[9 a , xi\ = for all i, a, and ( |3.39| ) follows. fl3.41p follows immediately from L +t a S{L +a ^) = 
Sj, and To see ( |3.43| ), one needs the well-known relation L +l r L +k s g sr = g kl , as well as 
L +l r L +k e^ = e^L + ™; the latter follows from the quasitriangularity of U q {su{2)). The com- 
mutation relations among the 9 are obtained as in || by observing 

9 a 9 b = A N 9 a S(L +b n )g nl & 
= A N S(L +b n )9 a g n % 

= A 2 N S{L +b n )S{L + ^ k g nl ^ u (3.44) 

using the commutation relations R k jSL +l n SL +:> m = SL +k SL +l jR^ m , as well as ( p.4|) . The 
remaining relations can be checked similarly. □ 
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3.5 Integration of forms 

As classically, it is natural to define the integral over the forms of the highest degree, which 
is 3 here. Since any a*- 3 ** G can be written in the from a*- 3 -* = /O 3 , we define 

/ a< 3 > = jf Q3 --= J f ( 3 - 45 ) 

q,N 

by ( |2.42j ), so that G 3 is the volume form. This definition is natural, since [@ 3 ,/] = 0. 
Integrals of forms with degree 7^ 3 will be set to zero. 

This integral satisfies an important cyclic property, as did the quantum trace ( 2.43 ). To 
formulate it, we extend the map S 2 from S 2 N to f2* i7V by 

extended as an algebra map. Then the following holds (see Appendix B): 



a (3 = J S- 2 ((3) a (3.46) 
for any a, (3 G f2* j7V with deg(a) + deg(/9) = 3. Now Stokes theorem follows immediately: 

'da® = I [6,a (2) ] = (3.47) 



for any G ^ll N , because S 2 Q = 6. This purely algebraic derivation is also valid on some 
other spaces |53] . 

Finally we establish the compatibility of the integral with the star structure. From 
6* = -0 and ([XI5D , we obtain 



a Wy = _ J ( a wy for q e E _ ( 3 48 ) 

For \q\ — 1, we have to extend the algebra map / ( |2.48|) to £1* N . It turns out that the correct 
definition is 

6 = -Q~ A 9 l °t 3 + Q- 2 (q ~ q-^^^gVdXj, (3.49) 

extended as an antilinear algebra map; compare ( |3.29| ) for ? 6 1. To verify that this is 
compatible with (|3.1| ) and ( 3.12j) requires the same calculations as to verify the star structure 
( fj.29| ) for q G M. Moreover one can check using ( |3.10| ) that 

dxi = —g l;, dxj, (3.50) 



21 



which implies that = 6, and 



*h(oi) = 
da = da, 

S = S" 2 a (3.51) 



for any a G f2*jv- Hence we have 



( / a (3) y = / a® for \q\ = 1. (3.52) 



4 Actions and fields 



4.1 Scalar fields 



With the tools provided in the previous sections, it is possible to construct actions for 2- 
dimensional euclidean field theories on the g-deformed fuzzy sphere. 

We start with scalar fields, which are simply elements ip G S 2 N . The obvious choice for 



the kinetic term is 

„2 



r 2 f 

Skinlip] = i-rj- / (#)* *h dip for g G M, 
r 2 f 

Shinty] = J dtp * H dip for \q\ = 1, (4.1) 



which, using Stokes theorem, can equivalently be written in the form 

r 2 f r 2 f 

Shinty] = -i-rr / i J *( d *H d)ip = —j~2-i / 4>*(*Hd* H d)ip for qE 



''kin I 



r 2 f r 2 f 

■■p- / ip(d* H d)ip = -jy J ip(* H d* H d)ip for \q\ = 1. 



(4.2) 

They are real 

SfcmM* = 4in[^] (4.3) 

for both q G K. and |g| = 1, using the reality properties established in the previous sections. 
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The fields can be expanded in terms of the irreducible representations 



ij(x) = J2* K ' n *pKM (4-4) 



K,n 



according to ( |2.28|) , with coefficients a K ' n e C; this corresponds to the first-quantized case. 



However, in order to ensure invariance of the actions under U q (su(2)) (or a suitable subset 
thereof), we must assume that U q (su(2)) acts on products of fields via the g-deformed 
coproduct. This can be implemented consistently only after a "second quantization", such 
that the coefficients in ( }4.4|) generate a t/^sw (2) )-module algebra. This will be presented in 
a forthcoming paper 



One can also consider real fields, which have the form 
ip(x)* = ip{x) for q G M, 

J{x) = q 11 ' 2 iji(x) q~ H/2 for \q\ = 1. (4.5) 

This is preserved under the action of a certain real sector Q C U q (su(2)) (|4.30|) ; the discussion 
is completely parallel to the one below (|4.32| ) in the next section, hence we will not give it 



here. 

Clearly *#<i *h d is the analog of the Laplace operator for functions, which can also be 
written in the usual form d8 + 8d, with 5 = *Hd*n- It is hermitian by construction. We 
wish to evaluate it on the irreducible representations ipK £ (2if + 1), that is, on spin-i^ 
representations. The result is the following: 

Lemma 4.1 If ipx G S qN is a spin K representation, then 

* H d* H di> K = 1 - r —[K} q [K+l} q i/; K . (4.6) 



The proof is in Appendix B. 

It is useful to write down explicitly the hermitian forms associated to the above kinetic 
action. Consider 



r 2 f 

Skin[ip,ip] = i-rr / (#)* *h # forgG 

N J 



P 2 



Skinlip,^'} = -j- / dip * H dip' for \q\ = 1. (4.7) 



23 



Using Lemma [2.2|, it follows immediately that they satisfy 



S kin [^,^'\* = S kin [ip',ip}, 
S k inbP,u>ip') = S kin [u*>ilj,ip') (4.8) 

for both q G ffi. and |g| = 1. To be explicit, let ipK,n be an orthonormal basis of (2K+1). We 
can be assume that it is a weight basis, so that n labels the weights from —K to K. Then 
it follows that 

SkinVpK,n: i>K',m) = C-K &K,K' ^n,m (4.9) 

for some ck £ Clearly one can also consider interaction terms, which could be of the form 

S int [1>]= [ i(>iH>, (4-10) 



or similarly with higher degree. 
4.2 Gauge fields 

Gauge theories arise in a very natural way on S 2 N . For simplicity, we consider only the 
analog of the abelian gauge fields here. They are simply one-forms 

B = Y,B a e a r GfiJ j7V , (4.11) 

which we expand in terms of the frames 9 a introduced in Section |3.4|. Notice that they have 



<? 2 



3 independent components, which reflects the fact that calculus is 3-dimensional. Loosely 
speaking, the fuzzy sphere does see a shadow of the 3-dimensional embedding space. One 
of the components is essentially radial and should be considered as a scalar field, however it 
is naturally tied up with the other 2 components of B. We will impose the reality condition 

B* = B for q G E, 

B = q H/2 B q- H ' 2 for \q\ = 1. (4.12) 

Since only 3-forms can be integrated, the most simple candidates for Langrangians that can 
be written down have the form 
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They are clearly real, with the reality condition ( 4.12| ); the factor % for real q is omitted here. 
We also define 

F := B 2 — * H B, (4.14) 

for reasons which will become clear below. The meaning of the field B becomes obvious if 
one writes it in the form 

B = 6 + A, B a = -\ a + A a (4.15) 

r 

While B and become singular in the limit iV — > oo, A remains well-defined. Using 

F = dA + A 2 , 
AO 2 = [ dAQ = [ * H A 9, 

A 2 Q 

which follow from ( 3.20| ), one finds 

1 



~ J {AdA + A* H A) (4.16) 



5 2 = ^ / A* H A + 2AQ 



S 3 = / A i + ^(AdA + A* H A) + 3AQ 2 + Q :i (1.17) 



and 



Sym-.= ^tJF* h F = -^-J (dA + A 2 ) * H (dA + A 2 ). (4.18) 

The latter action (which is a linear combination of S2, S3, and S4) is clearly the analog of 
the Yang-Mills action, which in the classical limit contains a gauge field and a scalar, as we 



will see below. In the limit q — > 1, it reduces to the action considered in JL7 . 

The actions S3 and S2 alone contain terms which are linear in A, which would indicate 
that the definition of A ( [4.15 ) is not appropriate. However, the linear terms cancel in the 
following linear combination 

S cs ■= -S 3 - -S 2 = -4^r + -^rrr- f ^A + -A 3 . (4.19) 
Cb 3 3 2 3A^ 2 r 2 A 2 N J 3 K J 

Notice that the "mass term" A *h A has also disappeared. This form is clearly the analog 
of the Chern-Simons action. It is very remarkable that it exists on S 2 N , which is related 
to the fact that the calculus is 3-dimensional. In the case q — 1, this is precisely what has 
been found recently in the context of 2-branes on the SU(2) WZW model @. 
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In terms of the components (Pip , B 2 = B a B b 6 a 6 b r 2 , and * H B = -^\^B a e b l c 9 c 9 b . 
Moreover, it is easy to check that 

* H (e b e c ) = ~ q 2 e cb e a , 
e a * H e b = A^^e 3 , 

e a e b * H e c e d = [2] q .k 2 N ^{p-)% g b ' b g a ' a e 3 = a 2 n £ e^re 3 (4.20) 



Hence 



F = (B a B b + ^ 1 ^B c el)e a e b r 2 = (^A b + A a ^ + A a A b + ^-^A c e c je a e b r 
q l r\l\ q 2 r r q z r[2\ q 2 

= F ab 9 a e b r 2 , (4.21) 

where we define F ab to be totally antisymmetric, i.e. F ab = (P~)\£ F a tv using ( |3.42| ). This 
yields 



q 8 [2} q2 J F ab F cd (p-) d J b , g b ' b g a ' a , 



*? 2 



(4.22) 



To understand these actions better, we write the gauge fields in terms of "radial" and 
"tangential" components, 

A a = ^ + Al (4.23) 
r 

where is defined such that 

x a A\ g ab = 0; (4.24) 

this is always possible. However to get a better insight, we consider the case q — 1, and take 
the classical limit A" — ► oo in the following sense: for a given (smooth) field configuration 
in Sjf, we use the sequence of embeddings of S 2 N to approximate it for A" — > oo. Then 
terms of the form L4* , A b ] vanish in the limit (since the fields are smooth in the limit). The 
curvature then splits into a tangential and radial part, F ab = F* b + F^ b , whereQ 

Fl = ^([^AW-i^A^+Alel), 

= ^(e c ab x c <f>+[X a ,<j>)x b -[X b ,<f>)x a ). (4.25) 



7 the pull-back of F to the 2-sphere in the classical case is unaffected by this split 
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Moreover, 



x a F! 



ab 



l[ x -X a ,A t b ]-^-[\ b ,x a A t a ]=0, 



in the classical limit, which implies that 



ab 



2r 







S 2 



S 2 



r ab r 



ab 



2r 



2 (<p 2 +[X a ,<p][X a , 



S 2 



in the limit. Therefore we find 

Sym = 



J f 22&F* a6 + ^ab^F^ + 1(0 2 + [A a , 0][A° 



s 2 

in the limit, as in |l7j]. Similarly, the Chern-Simons action (f4.19| ) becomes 

2tt 



S, 



OS 



SA 2 



2tt 



SA 2 



+ J dA\A l + 2A W 60) - A^G 



s 2 



s2 



(4.26) 



(4.27) 



(4.28) 



for A" — > oo. In the flat limit r — > oo, the term i^ b A*£ abc vanishes because of ( [4. 26 ), leaving 
the F — (j) coupling term (after multiplying with r) . 

Back to finite A" and q ^ 1. To further justify the above definition of curvature (|4.14j ), 
we consider the zero curvature condition, F — 0. In terms of the B fields, this is equivalent 

(4.29) 



1 



e° c a B a B b + —B c = 
q z r 



which is (up to rescaling) the same as equation ( |2.24j) with opposite multiplication^]; in 
particular, the solutions B a G S^ N are precisely all possible representations of U° p (su{2)) 
in the space oi N + 1-dimensional matrices. They are of course classified by the number of 
partitions of Mat(N + 1) into blocks with sizes rij, such that ^ n» = iV + 1, as in the 
case 5 = 1. 

8 this can be implemented e.g. using the antipode of U q (su(2)) 
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Gauge invariance. We have seen that actions which describe gauge theories in the limit 
q = 1 arise very naturally on S 2 N (as on certain other higher-dimensional g-deformed spaces 
||34j|). However, it is less obvious in which sense they are actually gauge-invariant for q ^ 1. 
For 5 = 1, the appropriate gauge transformation is B — > UBU^ 1 , for a unitary element 
U G S%. This transformation does not work for q ^ 1, because of (|3.46|) . Instead, we 
propose the following: let 

ft = {7 G U q {su{2)) : e( 7 ) = 0, 7* = S 7 }, 

G = { 7 G t^(s«(2)) : e( 7 ) = 1, 7* = ^7} = e H (4.30) 

for g G R, and 

W = { 7 G £/ 3 (su(2)) : e( T ) = 0, 7* = S 7}, 

£ = {7 G ^ 9 (s«(2)) : e( 7 ) = 1, 7* = S o7 } = e n (4.31) 

for |g| = 1, where S (u) = q H ^ 2 S(u)q~ H ^ 2 . Clearly H is a subalgebra (without 1) of U q (su(2)), 
and Q is closed under multiplication. Using the algebra map j (|2.31|) , Q can be mapped to 
some real sector of the space of functions on the fuzzy sphere. 

Now consider the following "gauge" transformations: 

B - j{ 1{l) )Bj{S 1{2) ) for 7 G 0. (4.32) 

It can be checked easily that these transformations preserve the reality conditions (|4.12|) for 
both real q and |g| = 1. In terms of components B = B a 6 a r, this transformation is simply 
(suppressing j) 

B a ^ 1{1) B a Sj {2) = j>B a , (4.33) 

which is the rotation of the fields B a G S 2 N considered as scalar fields^, i.e. the rotation 
7 G U g (su(2)) does not affect the index a because of (|3.39|) . In terms of the A a variables, 
this becomes 

A a 9 a - 1(l) A a S 1{2) 9 a + 7(1)^(57(2)) = (7 > A a )6 a + 7(1)^7(3)), (4.34) 

using Q3.6| ) and (p.39|) . Hence these transformations are a mixture of rotations of the com- 
ponents (first term) and "pure gauge transformations" (second term). Moreover, the radial 
and tangential components get mixed. 

To understand these transformations better, consider q = 1. Then we have two transfor- 
mations of a given gauge field B a , the first by conjugation with an unitary element U G S 2 N) 

9 notice that this is not the rotation of the one-form B, because 7(i)£jS'7(2) 7^ 7 >£i 
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and the second by ( |4.32| ) . We claim that the respective spaces of inequivalent gauge fields are 
in fact equivalent. Indeed, choose e.g. a = 1; then there exists a unitary U G S* N such that 
U^ 1 B a U is a diagonal matrix with real entries. On the other hand, using a suitable 7 G £/ 
and recalling ( |2.28|) , one can transform B a into the form B a = bi(xoY with real b{, which 
is again represented by a diagonal matrix in a suitable basis. Hence at least generically, the 
spaces of inequivalent gauge fields are equivalent. 

One can also see more intuitively that Q4.34Q corresponds to an abelian gauge transforma- 
tion in the classical limit. Consider again 7(2;) = e th ^ with h(x)* = —Sh(x), approximating 
a smooth function in the limit N — > 00. Using properly rescaled variables Xj, one can see 
using ( |2.3(J| ) that if viewed as an element in U(su(2)), 7 approaches the identity, that is 
7 > A a (x) — > A a (x) in the classical limit. Now write the functions on Sfj in terms of the 
variables x\ and for example. Then ( |2.30| ) yields 

(1 ®5')A(x i ) = Xi®\ - l®Xi, (4.35) 

for i — ±1, and one can see that 

7(i) [Ai, 5-7(2)] ndMxi) (4.36) 

in the (flat) classical limit. Hence (|4.34j) indeed becomes a gauge transformation in the 
classical limit. 

To summarize, we found that the set of gauge transformations in the noncommutative 
case is a (real sector of a) quotient of U q (su(2)), and can be identified with the space of 
(real) functions on S^ N using the map j. However, the transformation of products of fields 
is different from the classical case. Classically, the gauge group acts on products "componen- 
twise", which means that the coproduct is trivial. Here, we must assume that U q (su(2)) acts 
on products of fields via the g-deformed coproduct, so that the above actions are invariant 
under gauge transformations, by ([2.44 ). In particular, the "gauge group" has become a real 



sector of a Hopf algebra. Of course, this can be properly implemented on the fields only after 
a "second quantization", as in the case of rotation invariance (see Section |4TT| ). This will be 
presented in a forthcoming paper |I8| . This picture is also quite consistent with observations 
of a BRST-like structure in U q (so(2, 3)) at roots of unity, see |34 . 



Finally, we point out that the above actions are invariant under a global U q (su(2)) sym- 
metry, by rotating the frame 6 a . 



5 Drinfel'd twists and the relation with D— branes 

Finally we relate our g-deformed fuzzy sphere to the effective algebra of functions on spherical 
JJ-branes in the 577(2) WZW model at level k, as determined by Alekseev, Recknagel and 
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Schomerus |]T[. Their result is as follows. The .D-branes (more precisely their boundary 
conditions) are classified by an integer iV which satisfies^ < N < k. The Hilbert space of 
the associated boundary conformal field theory decomposes into irreducible representations 
of the affine Lie algebra su{2) k . One can assign abstract elements {Xi}i,i to the boundary 
vertex operators (primary fields), where / ranges from to min(iV, k — N), and —I <i<I. 
The {Y/}^ form irreducible spin / representations of the horizontal algebra su(2), and are 
interpreted as the analog of spherical harmonics on the .D-brane; in particular, there exist 
only finitely many of them. The algebra induced by the OPE of the corresponding boundary 
vertex operators is given by |lj 



Y/ * Y; 



K,k 



I J K 

i j k 



I J K 

N/2 N/2 N/2 



Y 



K 



with q = e k + 2 . 



(5.1) 



where the sum goes from K — to min(7 + J, k — I — J, N, k — N). This is a finite, 
noncommutative, quasiassociative algebra A. Here the first bracket denotes the Clebsch- 
Gordon coefficients of SU(2), and the curly brackets denote the g-deformed 6J-symbols of 
U q (su(2)). The latter arise from the fusion matrices of the underlying conformal field theory, 
which have been known to be related to quantum groups for a long time ||. 

In the present paper, we only consider roots of unity q which satisfy ( |2.36| ). This means 
that iV < k/2 in the above situation, so that we can only consider a certain subset of the 
allowed boundary conditions here. There will be some qualitative changes in the remaining 
cases, which we do not consider in the present paper. 

The reason for the non-associativity of the algebra A is a mixing of g-deformed and 
undeformed group theory objects. However as was already indicated in [Q, one can sometimes 
"twist" this algebra using a Drinfeld-twist into an associative one. In particular this can be 
done if q satisfies ( |2.36[ ), in the following way: On the same vector space A, we define a new 
multiplication by 

(J^- 1(1) > a) * (^ 1(2) > b) = ^(JF- 1 > (a ® b)). 



a-kb :- 



(5.2) 



Here a, b G A, and 

jr = jr(2) £ U{g)®U{g) (5.3) 

is the Drinfeld twist |ItJ in Sweedler-notation. We can ignore some fine points here since 
we only consider certain representations of T . The twist relates the undeformed Clebsch- 
Gordan coefficients to the deformed ones as follows: 



I 

% 



J K 

3 k> 



(9 



[K)\k'k 



I J 

i> f 



K 
k' 



(5.4) 



5 TV is denoted by 2a in fl 
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Here we have raised indices using (gq K ^) k ' k , which is the g-deformed invariant tensor, and 
we will assume that (g^) k k = 5 k k (in an orthonormal basis). It should be noted that even 
though the abstract element T exists only for generic (more precisely formal) q, the repre- 
sentations of JF which are needed above do exist at roots of unity, assuming the restrictions 
( f2.36| ) on q; this is because the Clebsch-Gordan decomposition is then still analytic in q. 
Hence the twisted multiplication rule for the generators Y/ is 



E 

K,k 



I 

i 



J 

J 



K 
k' 



{g{ K ))k > k 



I J K 

N/2 N/2 N/2 



yK 



(5.5) 



As was already pointed out in [|IJ, this defines an associative algebra. We claim that this is 
precisely the algebra S^ N , which in turn is the matrix algebra Mat(N +1). To see this, we 
reconsider the algebra N from a group-theoretic point of view: 

Let now Y/ G S qN be an irreducible spin / representation of U q (su(2)), according to 
the decomposition ( |2.28| ). In acts on the Fock space Tn ( |2.16| ), which in turn is a spin N/2 
representation of U q (su(2)), with a basis of the form (A + ... v4 + ) r |0). Hence if we denote 
with 7r(Y/) r s the matrix which represents the operator Y? on jF/v, we can conclude that it is 
proportional to the Clebsch-Gordan coefficient of the decomposition (21 + 1) (B)(N + 1) — ► 
(N + 1); this is the Wigner-Eckart theorem. Hence in a suitable normalization of the basis 



Y/ , we can write 



AY/y s = {g { q N/2) r 



N/2 I N/2 
r' % s 



I N/2 N/2 
i s r' 



(gi N/2 Y r - 



(5.6) 



Therefore the matrix representing the operator Y*Y? is given by 



= E 



j n 



N/2 I N/2 
r' % s 



J y 



K 



E 

K 



N/2 


J 


N/2 1 




" I 


J 


K ' 


I 


N/2 


K J 


i. 


i 


J 


k' 


I 


J 


* 1 




' I 


J 


K ' 


N/2 


N/2 


N/2 j 




i 


J 


k' 



{g{K y k 



N/2 J N/2 
it j t 

' K N/2 N/2 
k t r' 



J y 



(9, 



(5.7) 



Here we used the identity 

" N/2 



J 

N/2 



N/2 
K 



I J K 

N/2 N/2 N/2 



(5.8) 
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which is proved in El. This calculation is represented graphically in Figure 1, which shows 



that it essentially reduces to the definition of the 6j-symbols. Therefore the algebra of S t 



5~5|) , which is a twist of the algebra ( |5.1| ) found in 

■2 

q,N 



q,N 



is precisely 
ailar t 

.11) is a f/(sM(2))-module algebra. 



[T|]. In a sense, this twisting 

is similar to deformation quantization; however, S% N is a U q (su(2))-module algebra, while 





N 

2 



N 
2 



N 

2 



N 
2 



K 




Figure 1: Derivation of the algebra 



6 Summary and outlook 

In this paper, we have studied the g-deformed fuzzy sphere S qN , which is an associative 
algebra which is covariant under U q (su(2)), for real q and q a phase. In the first case, this is 
the same as the "discrete series" of Podles quantum spheres. We develop the formalism of 
differential forms and frames, as well as integration. We then briefly consider scalar and gauge 
field theory on this space. It appears that S^ N is a nice and perhaps the simplest example 
of quantum spaces which are covariant under a quantum group. This makes it particularly 
well suited for studying field theory, an endeavour which has proved to be rather difficult 
on other g-deformed spaces. We are able to write hermitian actions for scalar and gauge 
fields, including analogs of Yang-Mills and Chern-Simons actions. In particular, the form 
of the actions for gauge theories suggests a new type of gauge symmetry, where the role of 
the gauge group is played by U q (su{2)), which can be mapped onto the space of functions on 
Sg N . This suggests that formulating field theory on quantized spaces which are less trivial 
than the ones corresponding to a Moyal product on flat spaces requires new approaches, and 
may lead to interesting new insights. 

The main motivation for doing this is the discovery |I| that a quasi-associative twist of 
S^ N arises on spherical D-branes in the SU(2)k WZW model, for q a root of unity. In view 
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of this result, we hope that the present formalism may be useful to formulate a low-energy 
effective field theory induced by open strings ending on the .D-branes. This in turn inspires 
one to consider some kind of second quantization of field theories on S qN , corresponding 
to a loop expansion and many-particle states. It is quite interesting that also from a more 
formal point of view, such a second quantization turns out to be necessary for a satisfactory 
definition of symmetries in such a field theory. This will be presented in a future publication 
|T8| . Moreover, while the question of using either the quasi-associative algebra ( |5.1|) or the 
associative S^ N may ultimately be a matter of taste, the latter does suggest certain forms for 
Lagrangians, induced by the differential calculus. It would be very interesting to compare 
this with a low-energy effective action induced from string theory. 

In this paper we have only considered spaces which correspond to a subset of the allowed 
boundary conditions discussed in M . The remaining cases will show some qualitatively new 
features, and are postponed for future work. 

Acknowledgements: We would like to thank A. Alekseev, C.-S. Chu, B. Cerchiai, G. 
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work was initiated. H. G. and J. M. would also like to thank J. Wess and the Max-Planck 
Institut fur Physik in Miinchen for hospitality and financial support. 



7 Appendix A: Invariant tensors 

Before giving the explicit forms of the invariant tensors used in this paper, we briefly explain 
our conventions and the relation to the literature. The quantum spaces in [TZ\ and in much of 
the standard literature are defined as left Fun q (G)-comodu\e algebras. This is equivalent to 
right U q (g)-module algebras. However it is more intuitive to work with left module algebras. 
This can be achieved using the antipode, u > f(x) := f(x) < S(u); moreover if 7T* 3 -(w) is the 
fundamental representation, then u>Xi = Xjir\{u) where xi = g^x* . However the coproduct 
then becomes reversed, u> fg = (u 2 > f)(ui> g). We have incorporated this by defining U q (g) 
with the reversed coproduct ( |2.9|) and antipode. This means that our 71 G U~ (g> U q (where 
denotes the Borel subalgebras) is obtained from the usual one by flipping the tensor 

components. For example, our R\_Z = n^ + (7li)7Y + _(Jl2) — (q — q^ 1 ) in the fundamental 
representation of U q (su(2)), where ± labels the weights. Then the characteristic equation 
and all compatibility relations with the invariant tensors have the same form as usual, and 
are obtained from the standard ones by flipping all horizontal indices. 

The (/-deformed epsilon-symbol ("spinor metric") for spin 1/2 representations is given 
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by 

e+- = g-5, e-+ = -qv, (7.1) 



ai3 



all other components are zero. The corresponding tensor with lowered indices is e a p = —e 
and satisfies e^ep^ = 5®. In particular, e a ^£ a p = — (q + q^ 1 ) = — [2] g . 

The g-deformed sigma-matrices, i.e. the Clebsch-Gordon coefficients for (3) C (2) (g)(2) 
are given by 



i i 



in an orthonormal basis, and af 13 = a l a/3 . They are normalized such that ^2 a g cr^a^ 13 = 5j. 
That is, they define a unitary map (at least for q 6 R). 

The g-deformed invariant tensor for spin 1 representations is given by 

= -q~\ 9°° = 1, 9- U = ~Q, (7-3) 
all other components are zero. Then g a/3 = g al3 satisfies g^g^ = #?, and g a/3 g a/ 3 = q 2 + 1 + 

The Clebsch-Gordon coefficients for (3) C (3) (g)(3) , i.e. the g-deformed structure con- 
stants, are given by 

e{° = q-\ ef = -q, 

s^ = -(q-q- 1 ), 4- l = l = -eZ n , (7.4) 
e -? = q~\ eZ\° = -q 

in an orthonormal basis, and £ k j = s^. They are normalized such that s^sffi. = 
Moreover, the following identities hold: 

ey k = ef (7.5) 
&i4i = 4k9ji (7-6) 

nk Ira km nl ultra m 1m />r it\ 

which can be checked explicitly. In view of ( |7.6|) , the g-deformed totally (q-) antisymmetric 
tensor is defined as follws: 

e ijh = g in ei k = 4g nk . (7.8) 
It is invariant under the action of U q (su(2)). 
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8 Appendix B: some proofs 



Proof of (\3. 7\) : Using the identity 

1 = q -iR + (1 + q -*)p- + (1 - g- 6 )P°, (8.i; 



([T.5|), ( |3.4|) , and the braiding relation ( |3.1|) we can calculate the commutation relation of 9 
with the generators xf. 



= q- 2 R%x k x l £ t g! t + q^A^x^ + ^ (1 - q^g^ 

= q^Qxi + q^ANE^x^tg^ + r 2 " J* 

= q- 2 &Xi + q- 2 A N efx n £ k + r 2 q~\q - q' 1 )^, 

which yields (|3.7|) . 



Proof of ( ETT5D and ( ^T5j ): Using (|3TT^ ), one has 

©& = -q%e, (8.2) 

which implies 00 = Q(x ■ £) = dx ■ £ — g 2 00, hence 

(1 + g 2 )0 2 = dx-£. 

On the other hand, (|3.7| ) yields 

• £ = -ANXieft&gV - g 3 (g - g" 1 )© 2 , 
and combining this it follows that 

<=> F7^ Xikkklt ■ 

We wish to relate this to dxidxjg l \ which is proportional to d<3. Using the relations £™ fc x n 6s = 
—q~ 2 e™ k !; n Xk, O = g _4 £ • x, (|7.6|) and (|7.7|) , one can show that 

efx^efx^ = A N xMie M + g 2 © 2 

which using ( |3.7|) implies 

dxidxjg 13 = — ?" 2 @ 2 - 
Cat 
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Proof of d o d = on N . First, we calculate 



(g 2 -l)(g 2 + l) 



[2] s 



= O? 2 - l)(g 2 + 1) (£;(*ff©) - (*^)6) = 
using O, (|31^) , and (|3T7|) . This implies that 



= + Mi] 

= [9, df]+ & - d/[6, 6]+ + dfd& + /[©, <fc] 

= dd/ + * H (df)d - df(dti + * H (Ci)) + dfdd 

= -df* H Zi + {*Hdf)Si = 



by (p.!7|) for any / e «Sg jv- This proves d o d = on 



q,N- 



Proof of ( |3.17|) . First, we show that 
which is equivalent to 



(8.3) 



Now &g t N is one-dimensional as module over S^ N , generated by 3 Q3.23D , which in particular 
is a singlet under U q (su(2)). This implies that 



] ' 1 iln e 



lij 
<Z 6 [2] ?2 



A N r 2 



■4) 



as claimed. Now (|3.17[) follows immediately using the fact that *h is a left-and right S^ N - 
module map. 



Reality structure for g G 1: These are the most difficult calculations, and they are 
needed to verify ( |3.49| ) as well. First, we have to show that ( |3.1|) is compatible with the star 
structure (|3.29|) . By a straightforward calculation, one can reduce the problem to proving 
( |3.30| ). We verify this by projecting this quadratic equation to its spin 0, spin 1, and spin 



2 part. The first two are easy to check, using ( 3.10 ) in the spin 1 case. To show the spin 
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2 sector, it is enough to consider ( |3.3U| ) for i = j = 1, by covariance. This can be seen e.g. 
using [xi,£iXi£j] = —q~ 2 A N xi(,i, which in turn can be checked using (|8.1| ), ( |3.3|) and (|7.4|) . 

Next, we show that ( |3.12| ) is compatible with the star structure ( |3.29| ). This can be 
reduced to 

(q 2 R - q-'BT 1 ^ dx k 6 = q\q- S^^^l + q 2 R)%) dx k dx t 

The spin part is again easy to verify, and the spin 1 part vanishes identically (since then 
R has eigenvalue —q~ 2 ). For the spin 2 part, one can again choose i = j = 1, and verify it 
e.g. by comparing with the differential of equation ( |3.3(J| ). 



Proof of (|3.46| ): Since Q* N is finitely generated and because of ( |2.43| ) and [6 , /] = 0, it 



is enough to consider (3 = In this case, the claim reduces to 

Now S~ 2 {£ k ) = D l k £ h where D l k = 5 l k q 2r ' with r t = (2,0, -2) for I = (1,0, -1), respectively. 
Since = ^ e£(e™£ r f a ), there remains to show that « s £ r £ s )& = S~ 2 {£ k ){e r n s £ r £ s ). By 
this is equivalent to 

g nk Q 3 = D l k g ln Q\ 
which follows from the definition of D l k . 



Proof of Lemma Q Using (|3TH)| ), (ggg ) and dB 2 = 0, we have 

d * H di/j = d{%i)Q 2 - eV) = (#)e 2 - e 2 # 
= (#)e 2 + [e 2 ,v]e 

= (#)e 2 + (* H chp)e. (8.5) 

To proceed, we need to evaluate dif>K ■ Because it is an irreducible representation, it is enough 
to consider ip K = {x\) K . From (|3.30|) and using = (?~ 2 Xi£i, it follows that 



q~ 2 

dx\X\ = q 2 X\dx\ — — — r 2 X\^ 
since R can be replaced by q 2 here. By induction, one finds 



dx x x\ = x\ [q 2k dx x - [k]^ r%^j , (8.6) 
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and by an elementary calculation it follows that 



d{x k + l ) = [k + lU (q k dxi - [2f^^^i ) • ( 8 - 7 ) 



Moreover, we note that using ( 3.17 ) 



(&© + *jr&)e = &(* H e) + (*^i)e = 2(* h &q = -^e 3 . 



The last equality follows easily from fl8.4|) and ( |8.2| ). Similarly 

{dxiO + * H dxi)Q = 2* H dx,Q = 2dx0 . (8.9) 
Now we can continue (K. 51) as 



.10) 



d* H dxf = {dxf- 1 e + * H dxf~ 1 )e 

= [K]^- 1 (2q K - 1 dx 1 e 2 - 2j£—[K - i] qXl e 3 



Finally it is easy to check that 

dxS 2 = -ix,© 3 , (8. IF 



and after a short calculation one finds 
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